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In this work, we study the ground state solution for the class of singular quasilinear elliptic
problem of the form
−div(|x|−ap |∇u|p−2∇u)+ h(|x|)|u|m−2u = H(|x|)|u|q−2u, x ∈RN ,
where 1 < p < N , a < N−pp and h(r), H(r) 0. We prove the compactly embedding results
of the weighted Z =D1,pa,r (RN ) ∩ Lmh,r(RN ) space of radially symmetric functions and then
obtain the existence of nontrivial ground state solution.
Crown Copyright © 2008 Published by Elsevier Inc. All rights reserved.
1. Introduction
In this work we are interested in the existence of nontrivial ground state solution for the singular quasilinear elliptic
problem{−div(|x|−ap|∇u|p−2∇u)+ h(|x|)|u|m−2u = H(|x|)|u|q−2u, x ∈RN ,
u(x) → 0 as |x| → ∞, (1.1)
where p,m,q > 1 and h(r), H(r) are the nonnegative and measurable functions. The exact hypothesis on h(r), H(r) will be
given in what follows.
Throughout the paper by a ground state solution for (1.1) we mean a nontrivial weak solution of (1.1) which tends to
zero as |x| → ∞.
The study of this type of equation in (1.1) is motivated by its various applications, for instance, in ﬂuid mechanics,
in Newtonian ﬂuids, in ﬂow through porous media, and in glaciology, see [8]. The equation in (1.1) involves singularities not
only in the nonlinearities but also in the operator.
The existence and multiplicity of solution of degenerate elliptic equation with weights like (1.1) in a bounded domain Ω
with the zero Dirichlet data have been widely studied by several authors, see [1–3,6,10,18] and references therein.
Assunçâo et al. in [5] studied the multiplicity of solution for the singular equation in (1.1) with h(|x|) = −α|x|−bm ,
H(|x|) = β|x|−dq in RN . Similar consideration can been found in [8,9,11,14].
Recently, Su et al. in [17] proved an embedding result on the weighted W 1,pr (R
N ,h) space of radially symmetric functions
and then studied the ground state solution for the problem (1.1) with a = 0. For a = 0, to the best of our knowledge, it seems
like little work on the ground state solution for the problem (1.1).
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weighted Banach space Z . Our hypothesis on h(r) and H(r) are different from that in [17].
This paper is organized as follows. In Section 2, we state the main result and present some preliminaries which will be
used in what follows. We also introduce the precise hypotheses under which our problem is studied. In Section 3, we give
some lemmas and the proof of the main result.
2. Preliminaries main results
We ﬁrst give some notations and deﬁnitions.
Let W 1,p(Ω) and W 1,p0 (Ω) be the usual Sobolev spaces with the norm
‖u‖1,p(Ω) = ‖∇u‖p(Ω) + ‖u‖p(Ω) (2.1)
where
‖ f ‖p(Ω) =
(∫
Ω
∣∣ f (x)∣∣p dx)
1
p
, 1 p < ∞, ‖ f ‖∞(Ω) = sup
Ω
∣∣ f (x)∣∣. (2.2)
If Ω =RN , we omit Ω in the notation of norm.
As usual, let C∞0 (RN ) denote the collection of smooth functions with compact support and
C∞0,r
(
R
N)= {u(x) ∈ C∞0 (RN) ∣∣ u(x) = u(|x|), x ∈RN}.
Let D1,pa (RN ) and D1,pa,r (RN ) be the completion of C∞0 (RN ) and C∞0,r(RN ) under the norm
‖∇u‖p(a) =
(∫
RN
|x|−ap |∇u|p dx
) 1
p
, (2.3)
respectively. Suppose that h(|x|), H(|x|) are the nonnegative measurable functions in RN . Consider the functionals
‖u‖m(h) =
(∫
RN
h
(|x|)∣∣u(x)∣∣m dx)
1
m
, 1m < ∞,
‖u‖q(H) =
(∫
RN
H
(|x|)∣∣u(x)∣∣q dx)
1
q
, 1 q < ∞, (2.4)
deﬁned on C∞0 (RN ). The completion of C∞0 (RN ) and C∞0,r(RN ) in these norms respectively creates the Banach spaces that
we denote by X˜ = Lmh (RN ), X = Lmh,r(RN ) and Y˜ = LqH (RN ), Y = LqH,r(RN ). Then, we denote Z˜ = D1,pa (RN ) ∩ Lmh (RN ) and
Z = D1,pa,r (RN ) ∩ Lmh,r(RN ), and Z˜ and Z are the Banach spaces under the norm
‖u‖Z = ‖∇u‖p(a) + ‖u‖m(h). (2.5)
It is easy to verify that the Banach spaces X˜, X, Y˜ , Y and Z˜ , Z are reﬂexive.
Deﬁnition 1. A function u ∈ Z is called a weak solution of problem (1.1) if∫
RN
|x|−ap |∇u|p−2∇u · ∇φ dx+
∫
RN
h
(|x|)|u|m−2uφ dx = ∫
RN
H
(|x|)|u|q−2uφ dx (2.6)
for any φ = φ(x) ∈ C∞0 (RN ).
For the problem (1.1), we deﬁne the functional J : Z →R by
J (u) = 1
p
∫
RN
|x|−ap |∇u|p dx+ 1
m
∫
RN
h
(|x|)∣∣u(x)∣∣m dx− 1
q
∫
RN
H
(|x|)∣∣u(x)∣∣q dx (2.7)
with m, p,q > 1.
To guarantee the existence of the radially symmetric solution of (1.1) in Z , we consider a functional J˜ (u) deﬁned on a
larger set than Z , say Z˜ . J˜ (u) formally is the same as J (u) from (2.7). Then the functional J˜ (u), which is restricted to Z ,
is exactly J (u), and one applies the principle of symmetric criticality of Palais in [13]. The latter says that if a compact
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of (1.1) with respect to the whole space Z˜ . Here, the appropriate compact group is the orthogonal group G = O (N), which
generates precisely the radially symmetric functions from Z˜ , see [11–13]. Thus, it is suﬃcient to prove that J˜ (u) is well
deﬁned and of class C1 on the whole Z˜ and its proof will be given in Section 3.
In this paper, we will prove the existence of nontrivial solution for (1.1) in Z by the following theorem.
Mountain Pass Theorem. (See [4].) Let E be a Banach space and J : E →R be a functional of the class C1 . In addition, suppose that:
(H1) There exist positive constants ρ and α, such that | J (u)| α for all u ∈ E with ‖u‖E = ρ;
(H2) There exists u0 ∈ E with ‖u0‖E > ρ and J (u0), J (0) < α;
(H3) The functional J (u) satisﬁes PS-condition: every sequence {un} ⊂ E, such that J (un) → c for some c, and J ′(un) → 0 in E∗ as
n → ∞, is relatively compact in E.
Let P be the set of all continuous mappings p : [0,1] → E with p(0) = 0 and p(1) = u0 . Then, J (u) possesses a critical point u ∈ E
with J (u) = I  α, where I is deﬁned by
I = inf
p∈P
sup
0t1
J
(
p(t)
)
. (2.8)
Our main result reads as follows.
Theorem 1. Assume that:
(A1) m > 1, 1 < p < N, a <
N−p
p and max{m, p} < q < q∗ = pNN−p(a+1−b) , a b < a + 1;
(A2) The nonnegative functions h(r), H(r) are measurable and locally bounded in (0,∞);
(A3) There exist a1 > −N and b1 (< a1), such that
limsup
r→0
r−a1H(r) < ∞, limsup
r→∞
r−b1H(r) < ∞ (2.9)
and
p(N + b1)
N − p(a + 1) < q <
p(N + a1)
N − p(a + 1) . (2.10)
Then, the problem (1.1) admits a nontrivial ground state solution u ∈ Z .
Remark 1. Since q > max{m, p}, (1.1) is suplinear problem, it would be interesting to obtain counterparts of Theorem 1 for
the sublinear case (1 < q < p). For the sublinear case, Kristály and Varga in [9] studied the problem (1.1) with p = 2 and the
zero Dirichlet data. Two nontrivial solutions have been constructed by applying the critical point theorem of Pucci–Serrin
in [15].
Remark 2. In Theorem 1, the nonnegative function h(r) has few restrictions on r = 0 and r = ∞. Let a = 0. Suppose that
h(r) = r−N+ , r ∈ (0,1), h(r) = r−N− , r  1 and H(r) satisﬁes (A3). Then, Theorem 1 guarantees the existence of ground
state solution for (1.1). This case is not involved in [17].
3. Proofs of some lemmas
Before the proof of the main result, we present some preliminary lemmas which will be useful in what follows. Through-
out, let Ci denote various constant, depending on the given parameters, whose value may change from line-to-line. Let Br be
the ball in RN centered at the origin with radius r and Bcr =RN \ Br . We ﬁrst derive the Strauss-type estimation.
Lemma 1. Assume 1 < p < N and a < N−pp . Then there exists C1 such that for all u ∈ D1,pa,r (RN ),
∣∣u(r)∣∣ C1‖∇u‖p(a)ra+1−N/p, r = |x|, x ∈RN , (3.1)
with C1 = ω−1/p( p−1 )1−1/p and ωN is the volume of the unit sphere in RN .N N−p(a+1)
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∣∣u(R) − u(r)∣∣=
∣∣∣∣∣
R∫
r
u′(s)ds
∣∣∣∣∣
( R∫
r
∣∣u′(s)∣∣psN−1−ap ds
) 1
p
( R∫
r
s
ap+1−N
p−1 ds
) p−1
p
 C1
( ∫
RN
|∇u|p |x|−ap dx
) 1
p (
r
p(a+1)−N
p−1 − R p(a+1)−Np−1 ) p−1p .
Letting R → ∞, we obtain (3.1). 
Remark 3. It follows from Lemma 1 that for every u ∈ Z , u(x) → 0 as |x| → ∞.
Lemma 2. Let 1 < p < N, a < N−pp . Assume k = p(N+α)N−p(a+1) , α > −N. Then there exists the constant C2 > 0, such that for all
u ∈ D1,pa,r (RN ),
(∫
RN
|x|α |u|k dx
) 1
k
 C2‖∇u‖p(a). (3.2)
Proof. By Lemma 1, for every u ∈ C∞0,r(RN ),
∫
RN
|x|α |u|k dx = ωN
∞∫
0
rN−1+α
∣∣u(r)∣∣k dr = − kωN
N + α
∞∫
0
rN+α
∣∣u(r)∣∣k−2u(r)u′(r)dr
 kωN
N + α
( ∞∫
0
rN−1−ap
∣∣u′(r)∣∣p dr
) 1
p ( ∞∫
0
∣∣u(r)∣∣ p(k−1)p−1 rs1 dr)
p−1
p
 C2‖∇u‖p(a)
( ∞∫
0
∣∣u(r)∣∣ k−pp−1 ∣∣u(r)∣∣krs1 dr
) p−1
p
 C2‖∇u‖k/pp(a)
(∫
RN
|x|α∣∣u(x)∣∣k dx)
p−1
p
where s1 = N + p(a+α)+1p−1 . This yields (3.2). 
Lemma 3. LetΩ be a domain inRN . Denote Y (Ω), Z(Ω) the spaces of Y and Z respectively, restricted ontoΩ . Assume that (A1)–(A3)
hold. Then Z is compactly embedded into Y , that is, Z ⊂⊂ Y .
Proof. Let α = a1, k = p(N+a1)N−p(a+1) and u ∈ Z . Then, by Hölder inequality and Lemma 2, we have
∫
Ω
H
(|x|)|u|q dx (∫
Ω
|x|α |u|k dx
) q
k [
A(Ω)
]1− qk  C1‖∇u‖qp(a)[A(Ω)]1− qk (3.3)
where
A(Ω) =
∫
Ω
|x|− αqk−q ∣∣H(|x|)∣∣ kk−q dx. (3.4)
The hypothesis (A3) implies that there exist r0 > 0 and k0 > 0, such that
H
(|x|) k0|x|a1 , x ∈ Br0 . (3.5)
Let Ω = Br0 in (3.4). Then
A(Br0) =
∫
Br0
|x|− αqk−q ∣∣H(|x|)∣∣ kk−q dx C1ωN
r0∫
0
rα1−1 dr  C1rα10 (3.6)
with α1 = N + a1 = N + α > 0.
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H
(|x|) k1|x|b1 , x ∈ BcR0 . (3.7)
Then,
A
(
BcR
)= ∫
BcR
|x|− αqk−q ∣∣H(|x|)∣∣ kk−q dx C2ωN
∞∫
R
rα2−1 dr  C1Rα2 (3.8)
with α2 = N + b1k−a1qk−q < 0.
Since H(|x|) is locally bounded in (0,∞), A(BR0 \ Br0) < ∞. Hence, (3.3), (3.6) and (3.8) show that Z ⊂ Y . Next, we
prove that the embedding Z ⊂ Y is compact.
Let {un} be a bounded sequence in Z . Since Z is reﬂexive, there is a subsequence (still denoted by {un}) such that un ⇀ u
in Z .
Assume ‖un‖Z  β for some β > 0 and all n = 1,2, . . . . Further, (3.3) and (3.8) imply that for any ε > 0, ∃R1 > R0, such
that R  R1,
‖un‖Y
(
BcR
)
 ε‖un‖p(a)  βε ∀n = 1,2, . . . .
Letting n → ∞, we have
‖u‖Y
(
BcR
)
 βε for R  R1,
and
‖un − u‖Y
(
BcR
)
 2βε for R  R1. (3.9)
On the other hand, we let r0 in (3.6) be small and we obtain from (3.3) that
‖un‖Y (Br0 ) C1‖∇un‖p(a)rα1(q
−1−k−1)
0  βε.
This gives that
‖u‖Y (Br0 ) βε
and
‖un − u‖Y (Br0) 2βε. (3.10)
Further, for any r1, r2 ∈ [r0, R1], r2 > r1, we get
∣∣un(r1) − un(r2)∣∣
r2∫
r1
∣∣u′n(s)∣∣ds
( r2∫
r1
sN−1−ap
∣∣u′n(s)∣∣p ds
) 1
p
( r2∫
r1
s
pa+1−N
p−1 ds
) p−1
p
ω−1/pN ‖∇un‖p(a)
( r2∫
r1
s
pa+1−N
p−1 ds
) p−1
p
 C1β
(
r
p(a+1)−N
p−1
1 − r
p(a+1)−N
p−1
2
) p−1
p → 0 as r2 → r1.
This shows that {un(r)} is equivalently continuous in [r0, R1]. By Ascoli–Arzela Theorem, there exists a subsequence
in {un(r)}, still denoted by {un(r)}, such that n → ∞,
un(r) → u(r) in C(BR1 \ Br0) and un(r) → u(r) in Y (BR1 \ Br0). (3.11)
Hence, (3.9)–(3.11) give that
‖un − u‖Y
(
RN
)→ 0 as n → ∞, (3.12)
and Z ⊂⊂ Y . Thus, the proof of Lemma 3 is completed. 
Lemma 4. Assume (A1)–(A3). Then, the functional J˜ (u) : Z˜ →R given by
J˜ (u) = 1
p
∫
N
|x|−ap|∇u|p dx+ 1
m
∫
N
h
(|x|)∣∣u(x)∣∣m dx− 1
q
∫
N
H
(|x|)∣∣u(x)∣∣q dx (3.13)R R R
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where
〈
J˜ ′(u),φ
〉= ∫
RN
|x|−ap |∇u|p−2∇u∇φ dx+
∫
RN
(
h|u|m−2u − H|u|q−2u)φ dx (3.14)
for any φ ∈ C∞0 (RN ).
Proof. Let u ∈ Z˜ . By Caffarelli–Kohn–Nirenberg inequality in [7], we have
∫
RN
H|u|q dx
(∫
RN
|x|−bq∗|u|q∗
) q
q∗
S
1
λ
(
RN
)
 ‖∇u‖qp(a)S
1
λ
(
RN
)
(3.15)
where λ = q∗/(q∗ − q), q∗ = pNN−p(a+1−b) and
S
(
RN
)= ∫
RN
(
H
(|x|)|x|bq)λ dx. (3.16)
Furthermore, we can derive from (3.5) and (3.7) that
S(Br0 ) =
∫
Br0
(
H
(|x|)|x|bq)λ dx C1
r0∫
0
rα3−1 dr  C1rα3 ,
S
(
BcR0
)= ∫
BcR0
(
H
(|x|)|x|bq)λ dx C1
∞∫
R0
rα4−1 dr  C1Rα40 (3.17)
with α3 = N + λ(a1 + bq) > 0, α4 = N + λ(b1 + bq) < 0. Then, S(RN ) is bounded and the functional J˜ (u) is well deﬁned
in Z˜ .
The proof of the remain parts of Lemma 4 is standard and is omitted, see [5,6,16]. 
Proof of Theorem1. As stated in Section 2, only the functional J (u) deﬁned by (2.7) is considered. We will use the Mountain
Pass Theorem under the conditions of Theorem 1. Hence we need to verify the hypotheses (H1)–(H3).
The veriﬁcation of (H1): Deﬁne a neighborhood Uρ (0 < ρ < 1) by
Uρ =
{
u ∈ Z ∣∣ ‖u‖Z = ‖∇u‖p(a) + ‖u‖m(h)  ρ}. (3.18)
By Lemma 3, we get for u ∈ Uρ ,∥∥H 1q u∥∥qq  C1(‖∇u‖p(a) + ‖u‖m(h))q  C1ρq
where C1 is independent of u and ρ . It is easy to see that for u ∈ ∂Uρ ,
1
p
‖∇u‖pp(a) +
1
m
‖u‖mm(h)  λ−121−λ
(‖∇u‖p(a) + ‖u‖m(h))λ = λ−121−λρλ
where λ = max{p,m}. Hence,
inf
u∈∂Uρ
J (u) 21−λλ−1ρλ − C1q−1ρq, 0 < ρ  1.
Since q > λ, we choose ρ1 = min{1, (λ−121−λqC−11 )1/(q−λ)} and
inf
u∈∂Uρ1
J (u) > 0. (3.19)
The veriﬁcation of (H2): Choose some function φ(x) ∈ C∞0 (RN ) with nontrivial H(x)φ(x). We deﬁne
f (t) = J (tφ) = t
p
p
‖∇φ‖pp(a) +
tm
m
‖φ‖mm(h) −
tq
q
‖φ‖qq(H), t > 0. (3.20)
Since q > max{p,m}, there is a large enough t0 such that
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(
1
p
‖∇φ‖p(a) + 1
m
‖φ‖m(h)
)
> ρ, J (t0φ) < 0,
for any ρ ∈ (0,1). Then we choose u0 = t0φ ∈ Z and J (u0) < 0.
Obviously, J (0) = 0. Hence,
max
{
J (u0), J (0)
}
< inf
u∈∂Uρ1
J (u).
The veriﬁcation of (H3): Let {un} ⊂ Z be a PS-sequence of the functional J (u), that is,
J (un) → c, J ′(un) → 0 in Z∗ as n → ∞, (3.21)
for some c. Since q > max{p,m}, we choose μ, such that q−1 < μ < min{p−1,m−1}.
Then
An =
(
1
p
− μ
)
‖∇un‖pp(a) +
(
1
m
− μ
)
‖un‖mm(h) −
(
1
q
− μ
)
‖un‖qq(H)
= J (un) − μ
〈
J ′(un),un
〉= c + εn − μ〈 J ′(un),un〉 (3.22)
with εn → 0 as n → ∞. Since 1p − μ > 0, 1m − μ > 0, μ − 1q > 0, there is λ0 > 0 such that
An  λ0
(‖∇un‖pp(a) + ‖un‖mm(h) + ‖un‖qq(H)). (3.23)
On the other hand,∣∣( J ′(un),un)∣∣ ∥∥ J ′(un)∥∥Z∗‖un‖Z  ∥∥ J ′(un)∥∥Z∗(‖∇un‖p(a) + ‖un‖m(h) + ‖un‖q(H))
 C2
(∥∥ J ′(un)∥∥p′Z∗ + ∥∥ J ′(un)∥∥m′Z∗ + ∥∥ J ′(un)∥∥q′Z∗)+ λ02
(‖∇un‖pp(a) + ‖un‖mm(h) + ‖un‖qq(H)) (3.24)
where s′ = s/(s − 1). Then, we see from (3.22)–(3.24) that
‖∇un‖pp(a) + ‖un‖mm(h) + ‖un‖qq(H)  C2. (3.25)
Hence, {un} is a bounded sequence in Z . Because Z is reﬂexive, one can choose a weakly convergent subsequence. Without
loss of generality, we assume
J ′(un) → 0 in Z∗, un ⇀ u in Z as n → ∞. (3.26)
We will show that un → u in Z as n → ∞. Note that∫
RN
|x|−ap(|∇un|p−2∇un − |∇uk|p−2∇uk)∇(un − uk)dx
+
∫
RN
{
h
(|un|m−2un − |uk|m−2uk)− H(|un|q−2un − |uk|q−2uk)}(un − uk)dx
= μ〈 J ′(un) − J ′(uk),un − uk〉 ∥∥ J ′(un) − J ′(uk)∥∥Z∗‖un − uk‖Z

(∥∥ J ′(un)∥∥Z∗ + ∥∥ J ′(uk)∥∥Z∗)‖un − uk‖Z → 0 as n,k → ∞. (3.27)
We now estimate the left-hand side terms in (3.27). In fact, we have∫
RN
|x|−ap(|∇un|p−2∇un − |∇uk|p−2∇uk)∇(un − uk)dxμ1‖∇(un − uk)‖pp(a), (3.28)
∫
RN
h
(|un|m−2un − |uk|m−2uk)(un − uk)dxμ2‖un − uk‖mm(h) (3.29)
and ∣∣∣∣
∫
RN
H
(|un|q−2un − |uk|q−2uk)(un − uk)dx
∣∣∣∣ ∥∥H 1q (un − uk)∥∥q(∥∥H 1q un∥∥q + ∥∥H 1q uk∥∥q)q−1 ≡ εn,k (3.30)
for some μ1,μ2 > 0.
Since {un} is bounded in Z , it follows from Lemma 3 that there exists a subsequence in {un} (still denoted by {un}),
which is a Cauchy sequence in Y = Lq (RN ). Then εn,k → 0 as n,k → ∞. Hence, (3.27)–(3.30) and J ′(un) → 0 in Z∗ yieldH,r
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∥∥∇(un − uk)∥∥pp(a) + μ2‖un − uk‖mm(h)  εn,k + (∥∥ J ′(un)∥∥Z∗ + ∥∥ J ′(uk)∥∥Z∗)‖un − uk‖Z . (3.31)
This shows that∥∥∇(un − uk)∥∥pp(a) + ‖un − uk‖mm(h) → 0 as n,k → ∞. (3.32)
That is, {un} is a Cauchy sequence in Z . Hence it converges strongly to some v ∈ Z . Weak and strong limits coincide,
therefore, u = v .
Hence, there admits a nontrivial ground state solution u ∈ Z for problem (1.1) by the Mountain Pass Theorem and now
Theorem 1 is proved. 
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